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Classification of closed, orientable 3-manifolds

We review how closed (compact, without boundary), orientable 3-manifolds
can be classified via prime decomposition, JSJ decomposition, and Thurs-
ton’s geometrization conjecture.

A 3-manifold M is called prime if it cannot be further decomposed as a nontrivial
connected sum of 3-manifolds, that is, if M = M1#M2 implies that either M1 = S3

or M2 = S3. Every 3-dimensional, closed, orientable manifold M can represented in
terms of its prime decomposition; that is, as a finite connected sum of prime manifolds:
M = M1# . . .#Mn, where n ∈ N, and M1, . . . ,Mn are prime 3-manifolds. Since for
every 3-manifold M it is always true that M = M#S3, one requires that Mi 6= S3

for all 1 ≤ i ≤ n in the prime decomposition M = M1# . . .#Mn (unless M = S3).
Then, the prime decomposition is unique up to homeomorphisms and up to changing
the order of the prime components Mi (Kneser 1928, Milnor 1962).
The components that appear in the prime decomposition are either homeomorphic

to S2× S1 or irreducible, that is, every embedded 2-sphere in M is the boundary of an
embedded 3-ball in M .
The irreducible components can be further decomposed by the JSJ-decomposition

(Jaco–Shalen 1979, Johanson 1979): one cuts along embedded disjoint 2-tori j : T2 →
M which are incompressible, that is, with the property that the induced homomorphism
on the first fundamental groups j∗ : π1(T 2)→ π1(M) is injective. Any closed irreducible
3-manifold can be cut in a canonical way along such tori.
A model geometry is a complete, simply-connected Riemannian manifold (X, g) with

transitive isometry group Isom(X) and with the additional property that there is
at least one subgroup H ≤ Isom(X) such that the quotient X/H is compact. In
the 3-dimensional case, there are exactly 8 model geometries, namely the Euklidean
space R3, the sphere S3, the hyperbolic space H3, the products S2 × R and H2 × R,
the universal covering of the matrix group SL(2,R), and the so-called Nil and Solv
geometries (Thurston 1980).
A closed 3-manifold M admits a geometric structure if it it is homeomorphic to the

quotient of a model geometry (X, g) under the action of a fixed-point-free subgroup
of Isom(X). It is called geometrizable if it can be (canonically) cut into components
(by prime decomposition and JSJ decomposition) such that all components admit a
geometric structure.
Thurston’s geometrization conjecture (Thurston 1980) can now be stated as follows:

Every closed, orientable 3-manifold is geometrizable.
Thurston proved the conjecture for Haken manifolds (Thurston 1980). Hamilton

used Ricci flow to established the conjecture for manifolds of positive Ricci curvature
and where the Ricci flow does not develop singularities.
Perelman’s proof (Perelman 2003) builds on Hamilton’s seminal ideas, using surgery

to cut out the singularities.
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