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1 Introduction

There are many fields in mathematics that study the core structure of objects.
By that, we mean to find the main properties that allow us to distinguish
between shapes. Such fields are

• Topolgy

• Differential Geomety

• Riemannian Geometry

• Conformal Geometry

• Projective Geometry

• Contact and Symplectic Geometries

These are vague terms and sometimes technical to read from a math text book.
But we will try here to give some intuition on some of these fields and some of
their applications.

2 Difference

2.1 Topology

Topology mainly study the shapes up to continuous deformation. That is, we
will say that two objects are equivalent if we can deform one into the other
continuously.
This process will not allow us to create more holes or to break the object though.
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2.2 Differential Geometry

In differential geometry we require smoothness of the deformations. The is,
derivative exists and continuous at any point of the object. This means that we
cannot have corners.

It is important to know that we can find objects that are topologically the
same, and with no corners but not equivalent in differential geometry. (Milnor
Spheres).

2.3 Riemannian Geometry

In Riemannian geometry we ask more that the distances are preserved (Isome-
tries). So we have a lot of regidity here!
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Notice that we have the following inclusions

Riemannian Geometry ⊂ Differential Geometry ⊂ Topology.

3 Focus on Topology

Since, we are studying shapes under continuous deformation, a first way to
capture some information, is by throwing a loop in the space and try to deform
it (continuously) and see what happens

Figure 1: Continuous deformation of a segment

Let us check this basic example. In the figure below, we see that if we take
the full disk and we throw any loop in there, then we can contiuously shrink it
to a point. But, if we make a small hole on the disk, we see that we have two
situations. The blue curve can be shrinked to a point, on the other hand, the
green one cannot be deformed to a point! We get stuck because of the hole.
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Figure 2: Disk. Figure 3: Punctured disk.

Another example in two dimensions is the sphere. If we take any loop on
the sphere, we can move it around and continuously deform it to a point.

But here, we will see a different behaviour if we are dealing with the torus:
Consider the trivial loop

Figure 4: Trivial loop on the torus
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This loop clearly can be deformed to a point. So there is not a lot of difference
from the sphere but it is not the case for all loops!

Figure 5: Non-Trivial loops

In this case we see that loop a and loop b cannot be deformed to a point
and cannot be deformed to each other! So the torus cannot be deformed to a
sphere, or a disk or a disk with a hole!

Yet a different surface:

Figure 6: Multiple hole surface

Notice that the loops C1, C2,· · · , C2g cannot be deformed to each other.

• In particular, the previous process tells us that we cannot continuously
deform a sphere into a torus or a torus to a surface with multiple holes.

• This process allow us to study other weird objects. In fact it tells us if two
objects are different since it happens sometimes that we have this same
loop properties but we still cannot deforme one into the other.

• This loop property is the first fundamental construction in what we call
in algebraic topology the ”Fundamental group”. (since we can define a
structure of group on these loops, of course after some work)

The fundamental group is a very powerful tool. In particular it gives im-
pressive results in studying these familiar yet weird objects ,namely Knots!
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Figure 7: Some classes of knots

But why do we care about this?

4 Why all this trouble?

6



4.1 Biology

Proteins and DNA have tendency to form knots depending on their kind. So in
order to identify certain proteins or certain DNA portions, we need to classify
their knots. This is usefull to detect viral DNA and identify some specific genes.

Figure 8: DNA knot
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We provide here some examples of protein knots.

Figure 9: Certain Protein Knots

4.2 Facial recognition

Also, in airport screening, it is practical to identify people even after going
through a facial reconstruction or under disguize.
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5 Back to Math

Since now we are more or less familiar with shapes and deformation of loops,
we ask this simple question.

Given a three dimensional ”object” (manifold that is a three dimensional
”surface”) that has no boundary, that has no holes (that is every loop we can

deforme it to a point). Can you characterize it?

The mathematician Henry Poincaré was the one to ask this question and he
conjectured the following

Conjecture 5.1 (Poincaré 1904). Yes! any three dimensional closed manifold
that has no holes, can be deformed to the sphere!
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Figure 10: Henri Poincaré

• This conjecture was stated in 1904 an was open for a long time!

• It was classified as one of the Millenium Prize Problems! That is if you
can solve it first you win $ 1,000,000.

• Unfortunately for you it was solved in in 2006 by a series of papers pre-
sented by Grigori Perlman.
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Figure 11: Grigori Perlman

Still!

• There is a Catch!

• The proof had a gap that was pointed out in 2015 by Abbas Bahri.

• The mistake was acknowledged by other mathematicians and then fixed.

• This was one month before the death of Bahri in January 2016.
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6 The Universe

• Since we are talking about shapes.

• What is the shape of our Universe?

• This question was deeply investigated and still being investigated!

For instance, if we take into account the Big-Bang theory, then there are
three cases:

There is also another theory of multiverse and universe bubbles:
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The material involved in understanding the shape of the universe involves
lots of differential and Riemannian geometry and othe mathematical tools from
analysis and Algebra.

7 Conclusion

• In the end, we can see how this field of studying deformation of shapes,
namely topology is of extreme importance everywhere! Also, it interacts
with almost all the know fields!

• The good news is there is a lot to be done and many questions to be
answered! So get to work!

Thank you for Reading.
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